On geometrical meaning of the triangle inequality and its development (The geometrical structure of Banach spaces and Function spaces and its applications) by 峰野, 宏祐 et al.
Title
On geometrical meaning of the triangle inequality and its
development (The geometrical structure of Banach spaces and
Function spaces and its applications)
Author(s)峰野, 宏祐; 中村, 有花; 大和田, 智義




Type Departmental Bulletin Paper
Textversionpublisher
Kyoto University




Graduate schools of Education, Yokohama National University
(Yuka Nakamura)
Fukara junior high school
(Tomoyoshi Ohwada)
Faculty of Education, Shizuoka University
1
,








, $X$ $\Vert\cdot\Vert$ .
, $X$ $x,$ $y$ $+y\Vert\leqq\Vert x\Vert+\Vert y\Vert$
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2.1 ([5, Theorem 1]) $X$ $0$ $n$ $x_{1},$ $x_{2},$ $\cdots,$ $x_{n}$ ,
.
$\Vert\sum_{i=1}^{n}x_{i}\Vert+(n-\Vert\sum_{i=1}^{n}\frac{x_{i}}{\Vert x_{i}\Vert}\Vert)\min_{1\leqq i\leqq n}\Vert x_{i}\Vert$
$\leqq\sum_{i=1}^{n}\Vert x_{i}\Vert$ (KST)
$\leqq\Vert\sum_{i=1}^{n}x_{i}\Vert+(n-\Vert\sum_{i=1}^{n}\frac{x_{i}}{\Vert x_{i}\Vert}\Vert)\max_{1\leqq i\leqq n}\Vert x_{i}\Vert$ .
(T)
$(n- \Vert\sum_{i=1}^{n}\frac{x_{i}}{\Vert x_{i}\Vert}\Vert)\min_{1\leqq i\leqq n}\Vert x_{i}\Vert\geqq(n-\sum_{i=1}^{n}\Vert\frac{x_{i}}{\Vert x_{i}\Vert}\Vert)\min_{1\leqq i\leqq n}\Vert x_{i}\Vert\geqq 0$
, (KST) ,(T)
$(n- \Vert\sum_{i=1}^{n}\frac{x_{i}}{\Vert x_{i}\Vert}\Vert)\min_{1\leqq i\leqq n}\Vert x_{i}\Vert$
, . , $\min_{1\leqq i\leqq r\iota}\Vert x_{i}\Vert$ maxi $\leqq i\leqq n\Vert x_{i}\Vert$
,





- [8] 2.1 .
2.2 ([8, Theorem 1]) $X$ $0$ $n$ $x_{1},$ $x_{2)}\cdots,$ $x_{n}$ ,
.
$\Vert\sum_{i=1}^{n}x_{i}\Vert+\sum_{k=2}^{n}(k-..\sum_{i=1}^{k}\frac{x_{i}^{*}}{\Vert x_{i}^{*}\Vert}\Vert)(\Vert x_{k}^{*} I -\Vert x_{k+1}^{*}\Vert)$
$\leqq\sum_{i=1}^{n}\Vert x_{i}$ li (MSKT)
$\leqq\Vert\sum_{i=1}^{n}x_{i}\Vert-\sum_{k=2}^{n}(k-\Vert\sum_{i=n-(k-1)}^{n}\frac{x_{i}^{*}}{\Vert x_{i}^{*}\Vert}\Vert)(\Vert x_{n-k}^{*}\Vert-\Vert x_{n-(k-1)}^{*}\Vert)$,
8
$x_{i}^{*}$ $\Vert x_{1}^{*}\Vert\geqq\Vert x_{2}^{*}\Vert\geqq\cdots\geqq\Vert x_{n}^{*}\Vert$ , $x_{0}^{*}=x_{n+1}^{*}=0$ $x_{i}$
.
$\Vert\sum_{i=1}^{n}x_{i}\Vert+\sum_{k=2}^{n}(k-\Vert\sum_{i=1}^{k}\frac{x_{i}^{*}}{\Vert x_{i}^{*}\Vert}\Vert)(\Vert x_{k}^{*}\Vert-\Vert x_{k+1}^{*}\Vert)$
$= \Vert\sum_{i=1}^{n}x_{i}\Vert+(n-\Vert\sum_{i=1}^{n}\frac{x_{i}^{*}}{\Vert x_{i}^{*}\Vert}\Vert)\Vert x_{n}^{*}\Vert+\sum_{k=2}^{n-1}(k-\Vert\sum_{i=1}^{k}\frac{x_{i}^{*}}{\Vert x_{i}^{*}\Vert}\Vert)(\Vert x_{k}^{*}\Vert-\Vert x_{k+1}^{*}\Vert)$
$= \Vert\sum_{i=1}^{n}x_{i}\Vert+(n-\Vert\sum_{i=1}^{n}\frac{x_{i}}{\Vert x_{i}\Vert}\Vert)\min_{1\leqq i\leqq n}\Vert x_{i}\Vert+\sum_{k=2}^{n-1}(k-\Vert\sum_{i=1}^{k}\frac{x_{i}^{*}}{\Vert x_{i}^{*}\Vert}\Vert)(\Vert x_{k}^{*}\Vert-\Vert x_{k+1}^{*}\Vert)$
$\leqq\sum_{i=1}^{n}\Vert x_{i}\Vert$ ,
(MSKT) (KST) , $\sum_{k=2}^{n-1}(k-\Vert\sum_{i=1}^{k}\frac{x^{*}}{||x_{i}^{*}\Vert}\Vert)(\Vert x_{k}^{*}\Vert-\Vert x_{k+1}^{*}\Vert)$
, .
, (KST), (MSKT) ,
. , 2
. 2.1 22 $n=2$
.
23 $X$ $0$ 2 $x,$ $y$ $\Vert y\Vert\geqq\Vert x\Vert$ ,
.
$\Vert x+y\Vert+(2-\Vert\frac{x}{\Vert x\Vert}+\frac{y}{\Vert y\Vert}\Vert)\Vert x\Vert$
$\leqq\Vert x\Vert+\Vert y\Vert$ (2.3)
$\leqq\Vert x+y\Vert+(2-\Vert\frac{x}{\Vert x\Vert}+\frac{y}{\Vert y\Vert}\Vert)\Vert y\Vert$
(2.3)
$(2- \Vert\frac{x}{\Vert x\Vert}+\frac{y}{\Vert y\Vert}\Vert)\Vert x\Vert=2\Vert x\Vert-\Vert\frac{x}{\Vert x\Vert}+\frac{y}{\Vert y\Vert}\Vert\Vert x\Vert$
$= \Vert x\Vert+\frac{||x||}{||_{l/}||}\Vert y\Vert-\Vert\frac{x}{\Vert x\Vert}+\frac{y}{\Vert y\Vert}\Vert\Vert x\Vert$
$= \Vert x\Vert+\Vert\frac{||x||}{||y||}y\Vert-\Vert x+\frac{||x||}{||y||}y\Vert$ ,
, (2.3) 1 .
$\Vert x\Vert+\Vert\frac{||x||}{||y||}y\Vert-\Vert x+\frac{||x||}{||y||}y\Vert\leqq\Vert x\Vert+\Vert y\Vert-\Vert x+y\Vert$ .
9
, (2.3) 2
$\Vert x+\frac{||x||}{||y||}y\Vert\leqq\Vert x\Vert+\Vert\frac{||x||}{||y||}y\Vert$ $\Vert x+y\Vert\leqq\Vert x\Vert+\Vert y\Vert$
. , $X=\mathbb{R}^{2}$
$x=\vec{AD},$ $y=\vec{AB}$ (2.3) 1 $\triangle ACD$
$\triangle AED$ .
1: sharp triangle inequality
, $\triangle ACD$ $\Vert x\Vert+\Vert y\Vert-\Vert x+y\Vert(\geqq 0)$ ,
$\triangle AED$ $\Vert x\Vert+\Vert\frac{||x||}{||y||}y\Vert-\Vert x+\frac{||x||}{||y||}y\Vert(\geqq 0)$
. , $A$ $C$ , $D$ ,
$E$ .
, $E$ $C$ , . $P$
2 , 23 .
2: new sharp triangle inequality
, 23 .
10
2.4 (cf. [3, Theorem 2.2]) $X$ $0$ 2 $x,$ $y$ , $0\leqq\alpha\leqq$
$1\leqq\beta$ 2 $\alpha,$ $\beta$ , .
$\Vert x\Vert+\Vert\alpha y\Vert-\Vert x+\alpha y\Vert$
$\leqq\Vert x\Vert+\Vert y\Vert-\Vert x+y\Vert$ (2.4)
$\leqq\Vert x\Vert+\Vert\beta y\Vert-\Vert x+\beta y\Vert$
3 ,
, 24 $n$ ,
. $X$ , $\Vert\cdot\Vert$ . $7l(\geqq 2)$ ,
$[0,1]$ $n$ $M_{n}([0,1])$ , $M_{n}([0,1])$
1 $L_{n}$ . ,
$L_{n}=\{a=(a_{ij})\in M_{n}([0,1])$ $a_{ii}=1a_{ij}=0$ $(1\leqq\forall i\leqq n)(\forall i>j);and$ $\}$ .
$rr\iota$ $2\leqq m\leqq n$ . , $L_{n}$ $a=(a_{ij})$ ,
$\ell_{ij}^{a}(r’\iota)=\{\begin{array}{ll}a_{ij}\prod_{k=j+1}^{m}(1-a_{ik}) (2\leqq\forall j\leqq m-1)a_{im} (j=\uparrow r\iota)\end{array}$
. , $a_{i_{7}n}\neq 0(1\leqq\forall i\leqq m)$ ,
$r_{ij}^{a}(m)=\{\begin{array}{ll}l_{ij}^{a}(??z-1)(\frac{1}{a_{?m}}-1) (2\leqq\forall j\leqq m-1)\frac{1}{a_{i,n}} (j=m)\end{array}$
. , .
3.1 $n\geqq 2$ , $L_{n}$ $a=(a_{ij})$ . $X$
$x_{1},$ $x_{2}$ , $\cdot\cdot$ $ $x_{n}$ , .
$\sum_{j=2}^{n}(ij\Vert_{i-}\sum_{-,- 1}^{j}\ell_{ij}^{a}(n)x_{i\Vert)}\leqq\sum_{i=1}^{n}\Vert x_{i}\Vert-\Vert\sum_{i=1}^{n}x_{i}\Vert$ .




3.1 , $L_{n}$ $a=(a_{ij})$ , 22
. 3.1 2.1 22 .
3.2 (cf. [8, Theorem 1]) $X$ $0$ $n$ $x_{1},$ $x_{2},$ $\cdots,$ $x_{n}$ ,
.
$\Vert\sum_{i=1}^{n}x_{i}\Vert+\sum_{i=2}^{n}(j-\Vert\sum_{i=1}^{n}\frac{x_{i}^{*}}{\Vert x_{i}^{*}\Vert}\Vert)(\Vert x_{j}^{*}\Vert-\Vert x_{j+1}^{*}\Vert)\leqq\sum_{i=1}^{n}\Vert x_{i}\Vert$ ,
$\sum_{i=1}^{n}\Vert x_{i}\Vert\leqq\Vert\sum_{i=1}^{n}x_{i}\Vert-\sum_{j=2}^{n}(j-\Vert\sum_{i=1}^{n}\frac{*x_{i}}{\Vert^{*}x_{i}\Vert}\Vert)(\Vert^{*}x_{j+1}\Vert-\Vert^{*}x_{j}\Vert)$
$x_{1}^{*},$ $\cdots,$ $x_{n}^{*}$ $**x_{1},$$\cdots,x_{n}$ $\Vert x_{1}^{*}\Vert\geqq\Vert x_{2}^{*}\Vert\geqq\cdots\geqq\Vert x_{n}^{*}\Vert,$ $\Vert^{*}x_{n}\Vert\geqq\Vert^{*}x_{n-1}\Vert\geqq\cdots\geqq$
$\Vert^{*}x_{1}\Vert$ $*x_{0}=x_{n+1}^{*}=0$ $x_{i}$ .
, 22 , .
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